We develop the Cartan-Monge geometric approach to the characteristic method for nonlinear partial differential equations of the first and higher orders. The Hamiltonian structure of characteristic vector fields related with nonlinear partial differential equations of the first order is analyzed, and tensor fields of special structure are constructed for defining characteristic vector fields naturally related with nonlinear partial differential equations of higher orders.
Introduction: Geometric Backgrounds of the Classical Characteristic Method
The characteristic method [1] [2] [3] [4] proposed in the 19th century by Cauchy was very nontrivially developed by Monge, who introduced the geometric notion of a characteristic surface related with partial differential equations of the first order. The latter, being augmented with a very important notion of characteristic vector fields, appeared to be fundamental [4, [5] [6] [7] for the characteristic method, whose main essence consists of bringing about the problem of studying solutions of our partial differential equation to an equivalent one of studying some set of ordinary differential equations. This way of reasoning succeeded later in a development of the Hamilton-Jacobi theory, making it possible to describe a wide class of solutions to first-order partial differential equations of the form
, H x = 0, is called a Hamiltonian function and u ∈ C 2 (R n ; R) is an unknown function to be found. Equation (1.1) is endowed with the boundary condition 
where we put, by definition, p := u x ∈ R n for all x ∈ R n . The characteristic surface (1.4) was effectively described by Monge within his geometric approach by means of the so-called Monge cones K ⊂ T (R n+1 ) and their duals K * ⊂ T * (R n+1 ) [4, 6] . The corresponding differential-geometric analysis of this Monge scenario was later done by Cartan, who reformulated [4, 8] the geometric picture drawn by Monge by means of the related compatibility conditions on dual Monge cones and the notion of an integral submanifold Σ H ⊂ S H naturally assigned to special vector fields on the characteristic surface S H . In particular, Cartan introduced on S H the differential 1-form
where ·, · is the usual scalar product in R n , and demanded its vanishing along the dual Monge cones K * ⊂ T * (R n+1 ), concerning the corresponding integral submanifold imbedding mapping π : Σ H :→ S H .
( 1.6) This means that
for all points (x; u, p) ∈ Σ H of a solution surface Σ H defined in such a way that K * = T * (Σ H ). The obvious corollary of condition (1.7) is the second Cartan condition
(1) 1 = dp, ∧dx | Σ H ⇒ 0.
(1.8)
These two Cartan conditions (1.7) and (1.8) should be augmented with a condition for the invariance of the characteristic surface S H for the differential 1-form α
(1.9)
Conditions (1.7)-(1.9), when imposed on the characteristic surface S H ⊂ R n+1 ×R n , make it possible to construct the proper characteristic vector fields on S H , whose suitable characteristic strips [4, 6] generate the sought solution surface Σ H . Thereby, having solved the corresponding Cauchy problem related with the boundary conditions (1.2) and (1.3) for these characteristic vector fields, considered as ordinary differential equations on S H , one can construct a solution to our partial differential equation (1.1). And what is interesting, this solution in many cases can be represented [1, 9] in an exact functional-analytic Hopf-Lax-type form. The latter is a natural consequence of the related Hamilton-Jacobi theory, whose main ingredient consists of proving the fact that the solution to our equation (1.1) is exactly the extremal value of some Lagrangian functional naturally associated [2, 7, 10] with a given Hamiltonian function. Below we will construct the proper characteristic vector fields for partial differential equations of the first order (1.1) on the characteristic surface S H , generating the solution surface Σ H as suitable characteristic strips related to the boundary conditions (1.2) and (1.3), and then generalize the Cartan-Monge geometric approach to partial differential equations of the second and higher orders.
